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For a maximal subgroup M of a finite group G, the normal index of M is the order of a chief 
factor H/K where H is minimal in the set of normal supplements of M in G. We use the primitive 
permutation representations of a finite group G and the normal index of its maximal subgroups 
to obtain results about the influence of the set of maximal subgroups in the structure of G. 
1. Introduction 
All groups considered are finite. Since the classification of the finite simple 
groups, one of the main goals in finite group theory has been to obtain a good 
understanding of the subgroup structure of finite groups. One approach is to study 
the maximal subgroups. The knowledge of the maximal subgroups of a finite group 
often yields a wealth of information about the group itself. For instance, one can 
read off all its primitive permutation representations if its maximal subgroups are 
known. 
The purpose of this note is to study the structure of a group G by using its 
primitive permutation representations and the normal index (introduced by Deskins 
in [4]) of its maximal subgroups. In fact, we obtain some conditions which are 
necessary and sufficient for the group-theoretic properties n-solubility, z- 
supersolubility and rr-nilpotence. We see that the results of Beidleman and Spencer 
[3], Mukherjee [lo] and Mukherjee and Bhattacharya [l l] can be extended and im- 
proved, applying the primitive group theory. 
2. Preliminaries 
In this section, we collect some well-known results (whose proofs we omit) that 
are needed in the sequel. 
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First recall that a primitive group is a group G such that for some maximal 
subgroup U of G, Uo= 1 (where Uo is the intersection of all G-conjugates of U, 
i.e., the unique largest normal subgroup of G contained in U). 
A primitive group is of one of the following types: 
(1) Sot(G), the socle of G, is an abelian minimal normal subgroup of G, com- 
plemented by U. 
(2) Sot(G) is a non-abelian minimal normal subgroup of G. 
(3) Sot(G) is the direct product of the two minimal normal subgroups of G which 
are both non-abelian and complemented by U. 
We will denote by !J_J the class of all primitive groups and by 13,) i E { 1,2,3} the 
class of all primitive groups of type i. 
Let A4 be a maximal subgroup of a group G. Then the group X= G/M, is a 
primitive group; we say that M is of type i if XE ‘!J$ (1 I is 3) and M is a monolithic 
maximal subgroup of G if M is of type 1 or type 2. 
As abstract groups (rather than permutation groups), the groups in 13, and !J3s 
are fairly well understood in the following sense: if G l ?.3i U yS,, H a core-free 
maximal subgroup of G and M a minimal normal subgroup of G, then G = HM is 
a semidirect product with a faithful action of H on M (and M is H-isomorphic to 
Sot(H), H is a primitive group of type 2, in the case that GE&). Most of the 
groups in p2, however, do not possess a core-free maximal subgroup complemen- 
ting the socle. (Cf. [5-71 for further details). The primitive groups of type 2 with 
a core-free maximal subgroup complementing the socle are called primitive groups 
with small maximal subgroups. In [l, 91 the existence of these groups is showed. 
The proofs of some of our results depend on a lemma of Lafuente [9] whose proof 
requires the ‘Schreier’ property of finite simple groups. We state it below for the 
sake of completeness. 
Lemma. Suppose that G is a primitive group with small maximal subgroups. If H 
is a core-free maximal subgroup of G complementing the socle of G, then H is a 
primitive group of type 2 and the simple component of Sot(G) is isomorphic to a 
section of the simple component of Sot(H). 
For a maximal subgroup Mof a finite group G, the normal index of Mis the order 
of a chief factor H/K, where His minimal in the set of normal supplements to M 
in G. As usual, if M is a maximal subgroup of a group G, denote by q(G : M) the 
normal index of M. It is clear that the normal index q(G:M) of a maximal 
subgroup M of a group G is uniquely determined by M. Moreover, if N is a normal 
subgroup of G such that NIM, then q(G: M) = q(G/N: M/N). For more details 
about the normal index, the reader is referred to [3,4]. 
Notation is standard (from [S]) and if Mis a maximal subgroup of G of composite 
index, we call M c-maximal in G. If 71 is a given set of primes and n a positive 
integer, denote by n, the rc-part of n. 
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3. Results 
First, we localize our conditions on index and normal index to one maximal 
subgroup. 
It was showed by Beidleman and Spencer [3, Theorem 41 that a group G is soluble 
if G has a soluble maximal subgroup A4 such that q(G : M) = /G : A4. Next, we use 
the properties of the primitive groups mentioned in Section 2 and extend this 
theorem by proving the following: 
Theorem 1. Let TC be a set of primes. If a group G has a n-soluble maximal 
subgroup M such that q(G : M) = 1 G : Ml, then G is rt-soluble. 
Proof. We use induction on 1 Cl. Suppose that MG# 1 and let N be a minimal nor- 
mal subgroup of G such that N<M,. Then, G/N is rc-soluble. Since N is 7r- 
soluble, we have that G is a 7c-soluble group and the theorem is proved. Thus, we 
can assume that MG= 1. Then, G is a primitive group. Suppose that G is a 
primitive group of type 3. Then, Sot(G) is a direct product of two minimal normal 
subgroups, A and B, of G such that G/A and G/B are n-soluble groups. Conse- 
quently, G is n-soluble. 
Then, we can assume that G is a monolithic primitive group and Sot(G) is a 
minimal normal subgroup of G. Since 1 Sot(G) / = q(G : M) = 1 G : M 1, we have that 
Mfl Sot(G) = 1. If Sot(G) is non-abelian, then G is a primitive group with an small 
maximal subgroup M. By Lafuente’s lemma, M is a primitive group of type 2. Since 
M is rr-soluble, Sot(M) is a n’-group. Now, the simple component of Sot(G) is a 
section of the simple component of Sot(M). Therefore, Sot(G) is a ;Ir’-group and 
G is a 7r-soluble group. Finally, if G is a primitive group of type 1, then G is obvious- 
ly a 7r-soluble group. 0 
One can wonder if the condition q(G : M) = I G : M I in the above theorem can be 
replaced by q(G : M), = j G : M 1 A in order to have the same conclusion. The answer 
is ‘no’. For instance, take n = (5) and G the alternating group of degree 5. G 
possesses a 5-soluble maximal subgroup M which is isomorphic to the alternating 
group of degree 4 and I G I5 = q(G : M), = I G : MI,. However, G is not a 5-soluble 
group. 
Theorem 2. Let p be the largest prime dividing the order of a group G. Suppose 
that G has a p-soluble maximal subgroup M such that q(G : M$, = ) G : M IP and 
q(G:T)=jG:TI f or every c-maximal subgroup T of G such that I G : TIP = 1. 
Then, G is p-soluble. 
Proof. We argue by induction on the order of G. Suppose that Mof 1 and let N 
be a minimal normal subgroup of G such that NIM,. If p does not divide the 
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order of G/N, then N is a Sylow p-subgroup of G and G is p-soluble. On the other 
hand, if p divides the order of G/N, then G/N is p-soluble by induction. Since N 
is p-soluble, we have that G is p-soluble and we are done. Consequently, we can 
assume that Mo = 1 and G is a primitive group. If G is a primitive group of type 
3, then Sot(G) = A x B where A and B are the minimal normal subgroups of G. 
Since M is a common complement of A and B in G, we have that G/A and G/B 
are p-soluble groups. Therefore, G is p-soluble and the theorem is proved. Thus, 
we can assume that G is a monolithic primitive group. Suppose that G is a primitive 
group of type 2 and p divides the order of Sot(G). Let P be a Sylow p-subgroup 
of Sot(G). Then, G= N,(P)Soc(G). If NG(P) is a proper subgroup of G, then 
there exists a maximal subgroup T of G such that N,(P)< T. Since T is a c- 
maximal subgroup of G such that /G: Ti,= 1, we have that q(G: T) = IG: T I. 
Then, PI Tfl Sot(G) = 1, a contradiction. Thus, P is a normal subgroup of G and 
P= Sot(G), a contradiction. Consequently, either G is a primitive group of type 1 
or G is a primitive group of type 2 and p does not divide the order of Sot(G). In 
both cases, G is p-soluble and the theorem is proved. 0 
The converse of the above theorem is not true in general. For example, let E be 
a non-abelian simple group and let p be a prime such that q<p, for all primes q 
dividing the order of E. E has an irreducible and faithful module I/ over GF(p). 
Let G = [VIE be the corresponding semidirect product. Then, p is the largest prime 
dividing the order of G and G is a p-soluble group. However, there exists a c- 
maximal subgroup T of G such that q(G : T) # /G : T 1 and /G : T lp = 1. 
Mukherjee and Bhattacharya [ 11, Theorem 4. l] have obtained a necessary and 
sufficient condition for the p-solubility of a group G, where p is the largest prime 
dividing the order of G. The next characterization of p-solubility includes the above 
one as a particular case. 
Theorem 3. Let p be the largest prime dividing the order of a group G. Then: G 
is p-soluble if and only if q(G : M)P = 1 for each c-maximal subgroup M of G such 
that lG:Ml,= 1. 
Proof. Suppose that G is a p-soluble group and M a c-maximal subgroup of G such 
that I G : MI, = 1. Then, Soc(G/M,) is a p’-group. Consequently, q(G : M)P = 1. 
Conversely, let G be a non p-soluble group of minimal order among those satis- 
fying the condition q(G : M)p = 1 for each c-maximal subgroup M of G such that 
I G : MI, = 1. Then, G must satisfy the following: 
(1) If N is a minimal normal subgroup of G, then either p divides jG/Nl or N 
is a Sylow p-subgroup of G. 
Let N be a minimal normal subgroup of G such that p does not divide j G/N / and 
take P a Sylow p-subgroup of N. Then, G=N,(P)N. If No(P) is a proper 
subgroup of G, then there exists a maximal subgroup M of G such that 
NG(P) SM. It is easy to see that M is a c-maximal subgroup of G such that 
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1 G : MI, = 1. Therefore, q(G : M),, = jNlp = 1, a contradiction. Consequently, 
No(P) = G and N is a Sylow p-subgroup of G. 
(2) G has a unique minimal normal subgroup and Q(G) = 1. Thus, G is a primitive 
group. 
If Q(G) # 1, then p is the largest prime dividing the order of G/@(G). Then, 
G/@(G) is p-soluble by induction. Thus, G is p-soluble, a contradiction. Con- 
sequently, Q(G) = 1. Now, suppose that the number of minimal normal subgroups 
of G is greater than 1. Let A, B be two distinct minimal normal subgroups of G. 
By (l), we can assume that p divides the order of G/B. If p divides the order of G/A, 
then G/A and G/B are p-soluble. Then, G is p-soluble, a contradiction. Therefore, 
p does not divide the order of G/A and A is a Sylow p-subgroup of G by (1). But 
then, G/A is a p’-group and G is p-soluble, a contradiction. Consequently, G has 
a unique minimal normal subgroup. 
Suppose that G is a primitive group of type 2. Then, G/Sot(G) is p-soluble. Sup- 
pose that p divides the order of Sot(G) and let P be a Sylow p-subgroup of Sot(G). 
Then, using the same argument as in (l), P is a normal subgroup of G, a contradic- 
tion. Consequently, Sot(G) is a p’-group and G is p-soluble, a contradiction. 
Therefore, we can assume that G is a primitive group of type 1. By (l), Sot(G) is 
either a Sylow p-subgroup of G or G/N is p-soluble. In both cases, we have that 
G is p-soluble, final contradiction. 0 
Let G be the alternating group of degree 5. Then, G does not possess any c- 
maximal subgroup A4 such that 1 G : MI, = 1. However, G is not a 2-soluble group. 
Thus, the condition on the prime p in the above theorem is essential. 
In Theorems 4 and 5 below we characterize respectively, the n-supersoluble and 
n-nilpotent groups. Recall that a group G is called rc-supersoluble if every chief 
factor of G is of prime order for some prime in TC or is a n’-group and G is TC- 
nilpotent if and only if it is the product of a nilpotent Hall n-subgroup and a normal 
Hall rc’-subgroup. 
Theorem 4. Let 7t be a set of primes. A group G is n-supersoluble if and only if 
q(G : M), = 1 for every c-maximal subgroup M of G. 
Proof. Suppose that G is rr-supersoluble. If M is a c-maximal subgroup of G, then 
Soc(G/Mo) is a n’-group. Thus, q(G:M), = 1. 
Conversely, assume that G is a non n-supersoluble group of minimal order among 
those satisfying the condition q(G : M), = 1 for every c-maximal subgroup M of G. 
A routine argument shows that G is a monolithic primitive group. If G is a primitive 
group of type 1, then Sot(G) is a p-group for some prime p. If p E n, then Sot(G) 
is cyclic and G is n-supersoluble, a contradiction. If ~$71, since G/Sot(G) is rc- 
supersoluble and Sot(G) is a n’-group, we have that G is n-supersoluble, a 
contradiction. Thus, we can assume that G is a primitive group of type 2. Let T be 
a c-maximal subgroup of G such that To = 1 (one can take T as a maximal 
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subgroup of G containing the normalizer in G of a suitable Sylow subgroup of 
Sot(G)). Since q(G: T), = 1, Sot(G) is a n’-group. Consequently, G is rc-super- 
soluble, a contradiction. 0 
Finally, we give a characterization of the n-nilpotent groups. We omit the proof 
which is quite similar to the proof of Theorem 4. 
Theorem 5. Let TT be a set of primes. A group G is n-nilpotent if and only if G 
satisfies: 
(i) q(G : M), = 1 for every c-maximal subgroup M of G. 
(ii) If q(G : M), = 1 G : M 1 K =p E n, for some maximal subgroup M of G, then 
MaG. 
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